
S O L U T I O N  O F  S O M E  P E R I O D I C  E L A S T O P L A S T I C  P R O B L E M S  

V .  M.  M i r s a l i m o v  UDC 539.374 

The a r t i c Ie  cons iders  an e las top las t i e  p rob l em for  a plane weakened by an infinite number  
of round openings.  It is a s sumed  that  the level  of the s t r e s s e s  and the dis tance between the 
openings a r e  such that the round openings a r e  comple te ly  enveloped by the cor responding  
p las t i c  zone; under  these  c i r cum s t ances ,  the adjacent  p las t ic  regions  do not coa lesce .  The 
a r t i c l e  also cons iders  the inve r se  e las top las t i c  p rob lem under  conditions of plane s t r a in  
for  an unbounded plane,  weakened by a per iod ic  s e r i e s  of openings.  A number  of c o m m u -  
nicat ions have been devoted to per iodic  p rob l ems  in the theory  of e las t ic i ty  and p las t i c i ty  
with an unknown boundary [1-8]. In dist inction f r o m  [1-8], in which the method of p e r t u r b a -  
tions was used, another  method is used to solve per iodic  e las top las t ic  p rob lems ,  making it 
poss ib le  to obtain a solution with any a r b i t r a r y  re la t ive  dimensions of the region.  

w Let  the re  be  a plane with round openings, having a radius  R(R< 1) and cen te r s  at the points P m =  
row(m=0, :el, • . . . .  ), r 

We int roduce the notation: L m is the contour  of an opening with i ts  cen te r  at the point Pm; r m  is 
the cor responding  e las top las t ic  boundary; Dz is the ex t e r i o r  of the contour  F m.  

At the contour of an opening L m the boundary conditions have the f o r m  

(~T=--p, Tre----O. 

The condition of c reep  is taken in the f o r m  

(~- ~v) 2 t 4~u = 4k ~. 

The field of the s t r e s s e s  in the p las t ic  zone has the f o r m  [9] 

~r : - -  P q- 2k ln---~; oe : 2k --  p q- 2k In -h-'r ~re : 0. (1.1) 

In the e las t ic  region the s t r e s s e s  a r e  de te rmined  using the Ko losov-Muskhe l i shv i l i  f o rmula  [10]: 

G q- ~o: 4R eCI)(z); (1.2) 

~e-- G +2i~re =2 [zqb'(z) +T(z) ]e 2~e. 

At the unknown contour  Fm,  separa t ing  the e las t ic  and plas t ic  regions,  all  the s t r e s s e s  a r e  continuous. 
Using fo rmulas  (1.]), (1.2), we obtain the boundary  conditions at the contour Fro: 

= + -Urn ~- ;  zqY(z) + T(z) = k 

We go over  to the p a r a m e t r i c  plane of the complex var iab le  g using the t r a n s f o r m  z =~o(~), The ana-  
lyt icai  function z = w(~) effects  the conformal  mapping of the region D z on the region D~ in the plane of ~, 
which is the e x t e r i o r  of c i r c l e s  l m of radius  X with cen te r s  at the points Pro" 

To de t e rmine  the th ree  analyt ical  functions 9(.~):d)[o)(~)l, ~(~) =~[r and ~(~), we obtain a non- 
l i nea r  boundary-va lue  p rob l em  at lm: 

Re (p (~) = " ~  q- -Tk In co (~)'o~p,2 (~);- (1o3) 

G,~-) qo (~) q- @({) = k ~ .  (1.4) 
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Solving the Dir ichle t  p rob l em  (1.3), we find that at D~ 

( p ( : ) = ~ + . ,  ~o(~,)~,n__~__k In ~-~ --. 

Using (1.5), we t r a n s f o r m  boundary condition (1.4) at lm to the fo rm 

~ ' ( ~ )  ~ ( ~ ) = ~ o G ) .  

The functions qo (~), r (~), and co g) a r e  sought in the f o r m  of the s e r i e s  

~ ~4+~0(~4 ) (~) 
G ) = s 0 + ~ a 2 ~ + ~  (2~+~1! ; 

4=0 co 

~" G) = ~ + ~  (2~ + ~)! ~ + ~  (2~ + ~): , 
4=0 h=O 

i ~24q-2p(2h--l)(~) 
co ({) = ~ + A2~+~ (2k + 1){ ' 

4=0 

(1.5) 

(1.6) 

(1.7) 

(i.8) 

(1.9) 

P r i m e s  with the summat ion  sign mean  that the index m = 0 is included in the summat ion.  

We not give the dependenc6s which mus t  be sa t is f ied by the coefficients  of express ions  (1.7)-(1.9). 
F r o m  the conditions of s y m m e t r y  with r e spec t  to the coordinate  axes we find that 

Ima2k+2=Imt32h+2=ImA~+2=0, k=0,  l, 2 . . . . .  (1.10) 

It can be shown that the re la t ionships  (1.7)-(1.10)define a c lass  of s y m m e t r i c a l  p rob l ems  with a per iodic  
dis t r ibut ion of the s t r e s s e s  [11]. 

F r o m  the condition of the equality to ze ro  of the pr incipal  vec tor  of the fo rces  act ing on the a rc  con- 
necting two congruent  points in D~, it follows that 

~2 (4 ~2 

By vi r tue  of the sa t i s fac t ion  of the conditions of per iodici ty ,  the s y s t e m  of boundary conditions (1.6) 
at l m (m=0,  ~:1, • . . . .  ) is rep laced  by one functional equation, for  example,  at the contour 10. 

To set  up equations for  the remain ing  coeff icients  of the functions (p (~), r and co (~), we expand 
these  functions in Laurent  s e r i e s  in the neighborhood of the point ~ = 0: 

q~ (~)=~o q- a 2 4 + 2 ~ 2  + ~ a24+2~ 24+2 rJ,h~a; (1.11) 
4=0 4=0 j=0 

i ~2k+2 ~ ~ i " • r k ' 2 '  ~P (~) = f~2a+2 ~ if- ~ea+ z)'2a+2 Z rJ, 4 ~ 2 i -  (2k q- 2) a2k+e~ 2k+2 Z (2] d- 2k + 2) 5, s "; (1.12) 
,=0 ~=o j=o k=0 ~=0 

~,24q-2 t q_ ~ A2h+2~2h-- 2 j,4~ (1.13) co (0 = ~ - -  A2k+2 (2-~-~) ~'~h+t 
k=0 4=0 ~=o 2/q-t 

(2/q- 2]~ q- i){ gj+k+l ~ ,  1 
rL4 = (2])! (2k q- |)! 2 2j+2k+2, gi+h+i = 2 ~ ,  m2j+2h+2 �9 

�9 x i0) Substituting into the boundary conditions (1.3), (1.6) at the contour  I0(~ = e , in place  of r162 ), 
and co (~), the i r  expansions (1.11)-(1.13), and equating the coefficients  with e Rik0 (k=0, • ~2 . . . .  ), we ob- 
tain an infinite s y s t e m  of nonl inear  a lgebra ic  equations with r e spec t  to ~2k, fl2k, A~k [condition (1.3) was 
f i r s t  d i f ferent ia ted with r e spec t  to 0]. 

The equations of the f i r s t  approximat ion  have the f o r m  

i 

whe re 
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I - ~ 2  \ .2  c = t -{- A~ro,o;  d = c 2 + t -t- -9- L "rt,o)A2; 

( t 4 ) o _  ,2j§ , ~ 2 j + a  2(21+2)a~2J+2rs, o ( ] = 0 , 1 ) .  d l = - - 2 c A  2 l - - - y ~ r ~ , o  ; 7J=p~,~,o,~ +p4rj, i~ - -  

To obtain e x p r e s s i o n s  connect ing  the p a r a m e t e r  X with the applied load p, we subs t i tu te  f o r m u l a s  
(1.7), (1.9) into the  bounda ry  condi t ion (1.3), we mul t ip ly  the  e x p r e s s i o n  obtained by 1 /2r i~ ,  and in tegra te  
o v e r  the c i r c u l a r  con tour  10. As a resu l t ,  we obtain [10] 

ao "1- Z a2u+2)~2h+2r~ = ~ -{- k l n - ~  i -}- A2~+aX2t+2ro,~ . 
h~0 k=O . 

The r e su l t s  of a ca lcu la t ion  in the f i r s t  two approx ima t ions  a r e  given in Tab le  1. 

Sett ing ~ =he  i0 in (1.13), we obtain  the equat ion of the e l a s top la s t i c  boundary :  

In the f i r s t  app rox ima t ion  

Here 

r=[  o)()~e~O)l=f(O ). 

r2=ke(d+dl cos 20). (1.14) 

[ ( )] rmax = 1~ I --  Ao I --k .- ~ k 2i 
" ~_o 2] + t ; 

rmi n ~- ~, i ~- A 2 I + ~2 ~ (--I)'%o (1.15) 
j=o ~ )~2j 

Figure 1 shows the e las toplas t ic  boundary for  the case  R = 0.3, p = 2.12 (X = 0.7, rma  x = 0.81, rmin  = 
0.58). 

The  condi t ion r m i n  -> R d e t e r m i n e s  the s m a l l e s t  load with which the  con tour  of an opening is c o m -  
p le te ly  enveloped by the  p las t i c  zone.  The  re la t ionsh ip  (1.15), with r m a  x-< 1, p e r m i t s  f inding the g r e a t e s t  
load with which the p la s t i c  zones  touch each o the r .  

F igu re  2 g ives  the dependences  of the p a r a m e t e r  X on the value of the  applied load p / k  fo r  s e v e r a l  
va lues  of the rad ius  of an opening R. Up to now, the m e a n  s t r e s s e s  in the plane w e r e  a s s u m e d  equal to 
z e r o .  In the  plane,  le t  t h e r e  be the m e a n  s t r e s s e s  (elongational at infinity) 

(~x ~}- Ox , (~y = (Iy , Txy = O. 

In this  c a s e  the solut ion is sought  in the f o r m  

~ , ( ~ ) = ~ + %  , 
4 v ~ (~);  

2 

w h e r e  (p(~) and r a r e  defined by r e l a t ionsh ips  (1.7), (1.8). 

TABLE 1 

Coeffi- ] . ~. - -  

First approximation 

a2/k 0,00796 0,02902 0,05677 0,08503 031005 0 13038 0 14587 0 15693 
~2/k I t,000061 t,00085t ,,003301 t,007741 t,01~091 1'022691 1'035081 1:0~521 
~ l k  [ 0,00796 0 02909 0,05733 0 08726[ 0 11607 0'14352 0'17129 020981 
A~ 1-0,007961-0',029051-0,056971-0',085921-0h,2791-0'I~7091-0:160031-0'18~62 

Second approximation 

a2/k [ 0,007961' 0,029141 0,057661 0,088201 0 117591 014498[ 0 172281 0 18701 
adk ] 0,000211 0,002391 0208891 0,01882] 0:02468, 0'025041 0:02597i 0:02672 
~2/k I 1,00006[ 1,000841 i,0033t I 1,007781 i,014201 1'023061 t,0362tl t,05787 
p4/k ] 0,00796/ 0,029021 0,05677[ 0,08582[ 0,t11761 0'136t2] 0368011 0,18033 
~s/k [-0,000141-0,00154]-0,00555]-0,010361-0,010731-0'00293[ 0 00814] 0 01169 
A2 I--0 0079 ;[--0 099051 0 05697 --0 08599 --0 11')90 --0'13778 --0'161891--0'1859~ I o ooo01j 000000 i 0,o00281 00000q_00020 i_0007 ,,i 00132 I_0016. 
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TABLE 2 

Coeffi- [ 
cients o,, I o,2 t 0,3 I 0,, I 0,5 I 0,~ t 0 , 7  I 0,8 

First approximation 

I (~0822 1,03286 1,07362 1,12932 1 19717 1,27224 1,34808 1,41(507 
I-0,008281-0,033951-0,079211-0,147091-0,239941-0,356511-0 487241-0.60592 

) 9 )  ~ l , -  ' ) ) [ [,008_21 0,032931 0,074~a1 0,104011 0,215i8[ 0,326591 0489331 076102 

Second approximation 
lea,Sp 11,00822t 1,032861 1,073601 1,129181 1,196361 1,268991 1,339271 1,40162 

--0,00829 --0,03398 --0,07949 --0,14864 --0,24588 --0,37395 --0,5302 t --0,70450 
~J~/p I 0,00002t 0,000421 0,00224t 0,00760t 0,020341 0,04695 0,09695 0,18274 
A~ [ 0,00822i 0,03293l 0,074451 0,i34011 0,2t509l 0,326001 0A8672l 0,752o8 
A~ [ 0,00004 0,00067 0003421 0,0t0881 0,02704[ 0058381 0,118451 0,24735 

. . . . .  

d. ~ lk  

w Le t  t h e r e  b e  a p lane ,  weakened  by  unknown c u r v t l i n e a r  openings  having c e n t e r s  at  the  po in t s  
Pm=m~o ( m = 0 , * l ,  •  . . . .  ), ~0=2. 

We denote  the  con tour  of an opening wi th  i ts  c e n t e r  a t  the  point  P m  by L m,  and the  e x t e r i o r s  of the  
con tou r s  L m by D z. At the  unknown con tou r  of an opening L m the  bounda ry  condi t ions  have  the f o r m  

~ = - - p ;  ~,u=0; ~t = ~ . = c o n s t  (2.1) 

(t and n a r e  the  d i r e c t i o n s  of the tangent  and the  n o r m a l  to the con tour  of the  body).  

In the  c a s e  of an e l a s t i c  body,  the  va lue  of a .  = c o n s t  is  sub jec t  to d e t e r m i n a t i o n  dur ing  the  p r o c e s s  
of so lu t ion  of the  p r o b l e m .  F o r  an e l a s t o p l a s t i c  m a t e r i a l ,  the  r e l a t ionsh ip  a t = a .  is  a condi t ion i m p o s e d  
on the d e v e l o p m e n t  of the  p l a s t i c  zone, i .e . ,  it r e d u c e s  to the  r e q u i r e m e n t  that ,  at  the m o m e n t  of or ig in ,  
the  p l a s t i c  zone  e m b r a c e  the  whole  con tou r  of an opening a t  the s a m e  t i m e ,  without  p e n e t r a t i n g  into the  
depths  of the  body.  In  th is  c a se ,  a .  = c o n s t  is  a g iven  value,  f o r  examp le ,  unde r  the condi t ions  of p lane  
s t r a i n  a t = a ,  = - p  =~ 2k. 

We go o v e r  to the  p a r a m e t r i c  p l ane  ~ using the  t r a n s f o r m  z = w(~). The  ana ly t i ca l  funct ion z =co ([) 
e f fec t s  the  c o n f o r m a l  mapp ing  of the r e g i o n  Dz on D~ in the  p lane  ~, which is  the  e x t e r i o r  of c i r c l e s  F m 
of r ad ius  ~ with c e n t e r s  at the poin ts  Pro" 

On the  b a s i s  of the  equa l i t i e s  [10] 

and the  bounda ry  condi t ions  (2.1), fo r  d e t e r m i n i n g  the t h r e e  ana ly t i ca l  funct ions  ~p (~), r and co (~), we ob-  
t a in  a non l inea r  b o u n d a r y - v a l u e  p r o b l e m  at  Fro: 

Be q~(~)--a; (2.2) 

~ [~ (~) qJ (~) -1- co' (~) ~ (2)] = ~.%r (~) (2.3) 

- -  - - T ~ '  b =  

The  bounda ry  condi t ion (2.3) can  be  t r a n s f o r m e d .  Solving the  Di r i ch l e t  p r o b l e m  (2.2) we find that ,  in D~, 

~(~)=a, (2.4) 

Using (2.4), we w r i t e  the  bounda ry  condi t ion (2.3) a t  F m in the  f o r m  
~2 ~o 7 (~) ~;(~) =Z2b r (2.5) 

936 



We seek the functions r and ~ (~) in the f o r m  of the s e r i e s  (1.8), (1.9); in the s e r i e s  (L8) the co-  
eff ic ients  a2k {k = 1, 2 . . . .  ) a r e  ident ical ly equal to zero .  

F r o m  the condition of the equali ty to ze ro  of the pr inc ipa l  vec to r  of the fo rces  acting on an a rc  con- 
necting two congruent  points in D~, it follows that 

a =  ~AZ~ 
24 v~ �9 

To set  up equations for  the remain ing  coeff icients  of the s e r i e s  (1.8), (1.9) of the functions r and 
w (~), we expand these  functions in Lauren t  s e r i e s  in the neighborhood of the point ~ =0. Substituting into 
the boundary condition (2.5) at the contour  F0(~ =Xei0), in place  of r a~ (~), and ~ - 7 ~ ,  the i r  expansions in 
Laurent  s e r i e s ,  and equating coeff icients  with e 2ik0 (k=0, -1 ,  *2 . . . .  ), we obtain an infinite s y s t e m  of non- 
l i nea r  a lgebra ic  equations for  f i~,  A2k. 

The r e su l t s  of a calculat ion in the f i r s t  two approximat ions  a r e  given in Table 2. 

In the f i r s t  approximat ion  the equation of the equa l - s t reng th  f o r m  of an opening has the f o r m  (1.14). 

The constant  g ,  is exp re s sed  in the f o r m  
~2 

(~* = -6- ~ ~x2 + P" (2.6) 

Fo r  an e las toplas t ic  body, the re la t ionship  (2.6) is the condition fo r  the solvabi l i ty  of the p rob lem.  

The author  thanks G. P. Cherepanov for  his in te res t  in the work.  
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